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We investigate the equilibration of a Kondo model that is initially prepared in a nonequilibrium state towards
its equilibrium behavior. Such initial nonequilibrium states can, e.g., be realized in quantum-dot experiments
with time-dependent gate voltages. We evaluate the nonequilibrium spin-spin correlation function at the Tou-
louse point of the Kondo model exactly and analyze the crossover between nonequilibrium and equilibrium
behavior as the nonequilibrium initial state evolves as a function of the waiting time for the first spin mea-
surement. Using the flow equation method, we extend these results to the experimentally relevant limit of small
Kondo couplings.
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I. INTRODUCTION

Equilibration in nonperturbative many-body problems is
not well understood, with many fundamental questions still
being unanswered. For example, the crossover from a non-
equilibrium initial state to equilibrium behavior after a suffi-
ciently long waiting time poses many interesting questions
that are both experimentally relevant and theoretically of
fundamental importance. From the experimental side there is
current interest in such questions related to transport experi-
ments in quantum dots. Nonperturbative Kondo physics has
been observed in quantum dots1 and has given rise to a
wealth of experimental and theoretical investigations.
Quantum-dot experiments allow the possibility of systemati-
cally studying the effect of time-dependent parameters, for
example, by switching on the Kondo coupling at a specific
time and measuring the time-dependent current. From the
theoretical point of view this is related to studying the time-
dependent buildup of the nonperturbative Kondo effect.

The combination of strong-coupling behavior and time-
dependent parameters makes such problems theoretically
very challenging. Various methods such as time-dependent
NCA snon-crossing approximationd and renormalized pertur-
bation theory,2 and the numerical renormalization group,3

bosonization, and refermionization techniques,4 etc. have al-
lowed insights and, e.g., identified the time scaletK
~" /kBTK related to the Kondo temperatureTK with the rel-
evant time scale for the buildup of the Kondo resonance.
Using the form factor approach, Lesage and Saleur could
derive exact results for the spin expectation valuePstd
=kSzstdl for a product initial state.5 However, no exact results
are available regarding the crossover from nonequilibrium to
equilibrium behavior in this model, which is paradigmatic of
strong-coupling impurity physics in condensed matter theory.

In this paper we use bosonization and refermionization
techniques to calculate the zero temperature spin-spin corre-
lation function of the Kondo model at the Toulouse point6

exactly for two nonequilibrium preparations:s1d The impu-
rity spin is frozen for timet,0. s2d The impurity spin is
decoupled from the Fermi sea for timet,0. We find a cross-
over between nonequilibrium exponential decay and equilib-
rium algebraic decay as one increases the waiting time for

measuring the spin-spin correlation function at timet.0.
One concludes that zero-temperature equilibration occurs ex-
ponentially fast with a time scale set by the inverse Kondo
temperature and with a mixture of nonequilibrium and equi-
librium behavior for finite waiting times. Using the flow-
equation solution of the Kondo model,7,8 we then extend
these results away from the Toulouse point to the experimen-
tally relevant limit of small Kondo couplings in a systematic
approximation.

II. MODEL

The Kondo model describes the interaction of a spin-1/2

degree of freedomSW with a Fermi sea,

H = o
k,a

ekcka
† cka + o

i

Jio
a,b

c0a
† Sisi

abc0b. s1d

Herec0a
† ,c0a is the localized electron orbital at the impurity

site. We allow for anisotropic couplingsJi =sJ' ,J' ,Jid and
consider a linear dispersion relationek=vFk. Throughout this
paper we are interested in the universal behavior in the scal-
ing limit J' /vF→0. The Kondo Hamiltonian can be mapped
to the spin-boson model, which is the paradigm model of
dissipative quantum mechanics.9 Our results can be inter-
preted in both these model settings; in the sequel we will
focus on the Kondo model interpretation.

We study two nonequilibrium preparations:sId The impu-
rity spin is frozen for timet,0 by a large magnetic-field
termhstdSz that is switched off att=0:hstd@TK for t,0 and
hstd=0 for tù0. sII d The impurity spin is decoupled from the
bath degrees of freedom for timet,0 fas in situationsId, we
assumekSzstø0dl= +1/2g, and then the coupling is switched
on at t=0; Jistd=0 for t,0 andJistd=Ji .0, time indepen-
dent fortù0. This situation is of particular interest for future
quantum-dot experiments where the quantum dot is suddenly
switched into the Kondo regime by applying a time-
dependent voltage on a nearby gate.2

The difference between these two initial states is that in
model I the electrons are in equilibrium with respect to the
potential scattering induced by the frozen spin fort,0. On
the other hand, in model II the initial state of the electrons is
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an unperturbed Fermi sea. We will later see that both initial
states lead to the same spin dynamics.

A suitable quantity for studying equilibration is the sym-
metrized zero-temperature spin-spin correlation function
CI,IIstw,td def= 1

2khSz(tw),Sz(tw1t)}&I,II . In equilibrium this corre-
lation function exhibits its well knownt−2-algebraic long-
time decay9 and is, of course, independent from the initial
swaitingd time tw; Ceqstd=Ceqstw,td~ t−2.

Exact results for the nonequilibrium spin dynamics have
so far been obtained only for the spin expectation value
Pstd def

= kSz(t)&. At the Toulouse pointJi
TP/2pvF=1−1/Î2

sRef. 6d Pstd can be evaluated exactly,9 and one finds a
purely exponential decayPstd= 1

2exps−2t /pwtKd. Here and
in the sequel, we define the Kondo time scale astK=1/TK

with the Kondo temperature defined via the impurity contri-
bution to the Sommerfeld coefficientgimp=wp2/3TK, where
w=0.4128 is the Wilson number. Using the form-factor ap-
proach, Lesage and Saleur could derive exact results forPstd,
even away from the Toulouse point.5 For 0,Ji ,Ji

TP they
find that the spin-expectation value again decays exponen-
tially for large timest / tK@1 with the same exponential de-
pendencePstd~exps−2t /pwtKd, however, its behavior at fi-
nite times is more complicated.

SincePstd=2Cstw=0,td, these results raise the question of
how the crossover between the nonequilibrium exponential
decay and the equilibrium algebraic decay occurs as a func-
tion of the waiting timetw.

III. TOULOUSE POINT

We have addressed this issue by evaluatingCI,IIstw,td ex-
actly at the Toulouse point of the model. One finds that the
result is the same in both situationssId and sII d,

CI,IIstw,td = Ceqstd − 2e−tw/tBsstdfsstwde−t/tB − sstw + tdg

− e−2tw/tBfsstwde−t/tB − sstw + tdg2, s2d

for t ,twù0. Heresstd=stB/pde0
`dv sinsvtd / s1+v2tB

2d with
the abbreviationtB

def
= pwtK. In terms ofsstd the equilibrium

correlation function reads

Ceqstd =
1

4
e−2t/tB − s2std. s3d

Notice that sstd. tB/pt for t@ tB leading to the algebraic
long-time decay. Therefore the Fourier transform of the equi-
librium correlation function is proportional touvu for small
frequenciesv /TK!1:Ceqsvd~ uvu /TK

2.
For zero waiting timetw=0 the nonequilibrium correla-

tion function Eq.s2d shows the well known, purely exponen-
tial decayCI,IIstw=0,td= 1

4e−2t/tB, while for any fixedtw.0
the algebraic long-time behavior dominates with an ampli-
tude that is suppressed, depending on the waiting time,

CI,IIstw,td . − s2stds1 − e−tw/tBd2 + OfstB/td3g, s4d

for t@maxstw,tBd. In particular, one can read off froms2d
that the difference between the nonequilibrium and equilib-
rium correlation functions decays exponentially fast as a
function of the waiting time,

uCI,IIstw,td − Ceqstdu ~ e−tw/tB, s5d

for tw@ tB. These results can be understood by noticing that
the initial state corresponds to an excited state of the model,
therefore yielding a different spin dynamics from equilib-
rium. After a time scale of ordertK, corresponding to the
low-energy scale of the model, the initial nonequilibrium
state leads to the behavior of the equilibrium ground state
with deviations that decay exponentially fast as one increases
the waiting time.10 This crossover behavior of the nonequi-
librium correlation function at the Toulouse point is shown in
Fig. 1 for the one-sided Fourier transform with respect to the
time differencet,

Cstw,vd =E
−`

` dt

2p
eivtCstw,utud. s6d

IV. METHOD

We perform the standard procedure of bosonizing the
Kondo Hamiltonian in terms of spin-density excitations
bk,bk

† and then eliminating itsJi coupling using a polaron
transformationU=expfid Szok.0s1/Îkdsbk−bk

†dg sfor details
see, e.g., Ref. 9d. At the Toulouse point the transformed

HamiltonianH̃=U†HU can be refermionized,9

H̃ = o
k

ekCk
†Ck + o

k

VksCk
†d + d†Ckd. s7d

Here the spinless fermionsCsxd correspond to soliton exci-
tations built from the bosonic spin-density waves with the
refermionization identity Csxd~expfiok.0s1/Îkdsbke

−ikx

−bk
†eikxdg. Equations7d can be interpreted as a resonant-level

model with the hybridization function Dsed def
= p∑kVk

2

3d(e2ek)5TK/pw and a fermionic impurity orbitald with
the identitySz=d†d− 1

2. Model I is therefore represented by a
resonant-level model with a time-dependent-impurity orbital
energyedstd=hstd,

FIG. 1. Universal curves for the spin-spin correlation function
Cstw,vd at the Toulouse point for various waiting timesstw
=0,tK /4 ,tK /2 ,tK ,2tK ,` from top to bottomd. The inset depicts the
same curves on a linear scale, which shows more clearly the onset
of the nonanalyticitysCstw,vd−Cstw,0d~ uvud for waiting timestw
.0 leading to the algebraic long-time decay.
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H̃Istd = o
k

ekCk
†Ck + edstdsd†d − 1/2d + o

k

VksCk
†d + d†Ckd,

s8d

with edst,0d=`, edstù0d=0. In model II the spin is not
coupled to the Fermi sea for timet,0; this leads to a time-
dependent hybridization function and a time-dependent po-
tential scattering termsdue to the polaron transformationUd,

H̃IIstd = o
k

ekCk
†Ck + o

k

VkstdsCk
†d + d†Ckd

+ kSzst = 0dlo
k,k8

k

gkk8stdsCk
†Ck8 − 1/2d, s9d

with gkk8st,0d=s1−Î2d /2pvF, gkk8stù0d=0 and Dse ; t
,0d=0, Dse ; tù0d=TK /pw.

In order to evaluate the nonequilibrium spin dynamics we

use the quadratic form ofH̃I,II to solve the Heisenberg equa-
tions of motion for the operatorsd†std ,dstd exactly. After
some straightforward algebra one can write the operatorSzstd
for t.0 as a quadratic expression in terms of the operators
Ck

†st=0d, Ckst=0d, d†st=0d and dst=0d at time t=011. The
nonequilibrium correlation function is then given by

CI,IIstw,td =
1

2
kG̃I,II uhSzstwd,Szstw + tdjuG̃I,IIl, s10d

where we insert the solution of the Heisenberg equation of

motion for Szstd. The initial nonequilibrium statesuG̃I,IIl re-
main time independent in the Heisenberg picture and are

simply the ground states of the HamiltoniansH̃I,IIstd for time
t,0. Inserting these expressions ins10d yieldss2d after some
tedious but straightforward algebra.11 For completeness we
also give the result for the imaginary part of the nonequilib-
rium Green’s function,

KI,IIstw,td =
def1

2
kfSzstwd,Szstw + tdglI,II

= − ie−t/tBfsstd − sstw + tde−tw/tB + sstwde−stw+td/tBg,

s11d

which again approaches the equilibrium resultKeqstd
=−ie−t/tBsstd exponentially fast as a function oftw/ tB.

V. KONDO LIMIT

The Toulouse point exhibits many universal features of
the strong-coupling phase of the Kondo model such as local
Fermi liquid properties, however, other universal properties
such as the Wilson ratio depend explicitly on the couplingJi.
This raises the question of which of the above
nonequilibrium-to-equilibrium crossover properties are ge-
neric in the strong-coupling phase. We investigate this ques-
tion by using the flow-equation method,12 which allows us to
extend our analysis away from the Toulouse point in a con-
trolled expansion. In this paper we focus on the experimen-
tally most relevant limit of small Kondo couplings.sNotice

that the flow-equation approach is not restricted to this limit
and can be used for generalJi.13d

The flow-equation method diagonalizes a many-particle
Hamiltonian through a sequence of infinitesimal unitary
transformations in a systematic approximation.12 This ap-
proach was carried through for the Kondo model in Ref. 7.
Since the Hamiltonian is transformed into its diagonal basis,
we can follow the same steps as in the Toulouse point analy-
sis: sid The Heisenberg equations of motion for the unitarily
transformed observables can be solved easily with respect to
the diagonal Hamiltonian.sii d One then re-expresses the
time-evolved operators through the operators in the initial
snondiagonald basis for timet=0. siii d The correlation func-
tions s10d for generaltw are evaluated. An operator product
expansion to leading order is employed as in Ref. 7 to close
the resulting systems of equations.

The above procedure can be used quite generally to apply
the flow-equation method to time-dependent Hamiltonians of
the above kind. For the Kondo model specifically, one can
simplify the calculation by using the results from Ref. 8. It
was shown that a resonant-level models7d with a universal,
nontrivial hybridization functionDeffsedÞconst can be used
as an effective model for the spin dynamics on all time
scales; the only free parameter is the low-energy scaleTK.
Similarly, the effective Hamiltonians9d with Dse ; t.0d
=Deffsed from Ref. 8 yields theSz-spin dynamics for both
nonequilibrium situations I and II. A careful analysis13 shows
that the only effect not captured by the resonant-level model
is the polaronlike transformation that is contained in the
complete flow-equation approach. This polaron transforma-
tion leads to an initial potential-scattering term as ins9d with
gkk8st,0d=flsBeffd−Î2g /2pvF, whereBeff=1/sek

2+ek8
2 d and

lsBd is the flowing scaling dimension, according to Ref. 7
flsB=0d=Î2 and lsB→`d=1g. However, this initial
potential-scattering term has a negligible effectsrelative er-
ror ,5%d unless one is interested in short waiting timestw
& tK /4. For larger waiting times the effective Hamiltonian
from Ref. 8 yields a very accurate description without the
need for the full flow-equation analysis.

From the quadratic Hamiltonians9d with the above effec-
tive coupling constantssincluding the initial potential-
scattering termd one can easily evaluate the nonequilibrium
correlation functions. The results are depicted in Fig. 2. The
key observations from the Toulouse point analysis hold in the
Kondo limit as well; only the crossover behavior is more
complicated:sid The system approaches equilibrium behavior
exponentially fast as a function oftw/ tK fcompare Eq.s5dg.
Notice that the initial approach for smalltw in Fig. 2 is faster
than at the Toulouse pointsFig. 1d. sii d An algebraic long-
time decay~t−2 dominates for all nonzero waiting timestw
.0 fcompare Eq.s4dg.

For zero waiting timetw=0 the inset in Fig. 2 shows the
decay of the spin-expectation valuePstd in the Kondo limit,
which to the best of our knowledge has not been previously
calculated explicitly on all time scales. For larget / tK the
behavior crosses over into an exponential decay, which
agrees very well with the exact asymptotic result from Ref.
5: Pexactstd~exps−2t /pwtKd~exps−1.54t / tKd. On shorter
time scales the decay is faster, which is due to unrenormal-
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ized coupling constants at large energies that dominate the
short-time behavior.

VI. CONCLUSIONS

Summing up, we have investigated the crossover to equi-
librium behavior for a Kondo model that is prepared in an
initial nonequilibrium state. We calculated the nonequilib-

rium spin-spin correlation function on all time scales, and we
were able to show that it evolves exponentially fast towards
its equilibrium form for a large waiting time of the first spin
measurementtw@ tK, fsee Eq.s5dg. Our results also estab-
lished that the flow-equation method is a very suitable ap-
proach for studying such nonequilibrium problems; it agreed
with very good accuracy with the exact results for bothtw
=0 andtw=`, and it described the crossover regime as well.

Finally, it is worthwhile to recall the fundamental
quantum-mechanical observation that the overlap between
the time-evolved nonequilibrium state and the true ground
state of the Kondo model is alwaystime independent. There-
fore it is not strictly accurate to conclude from our results
that an initial nonequilibrium state “decays” into the ground
state: rather, quantum observables which exhibit equilibra-
tion behavior are probes for which the time-evolved initial
nonequilibrium state eventually “looks like” the ground
state. Since the notion of equilibration into the ground state
plays a fundamental role in quantum physics, it would be
very interesting to study other systems with quantum dissi-
pation to see which of the crossover and equilibration prop-
erties derived in this paper are generic.
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FIG. 2. Universal curves for the spin-spin correlation function
Cstw,vd in the limit of small Kondo couplingssKondo limitd for
various waiting timesstw=0,tK /4 ,tK /2 ,tK ,2tK ,` from top to bot-
tom as in Fig. 1d. The inset shows the spin expectation valuePstd;
the dashed line is an asymptotic fitPasymstd=0.11 exps−1.51t / tKd.
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